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Twisted bilayer graphene with Kekule´ distortion: isolated flat band
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Twisted bilayer graphenes with magical angle exhibit strongly correlated electronic properties
because of the isolated flat band at the Fermi level. We studied the twisted bilayer graphene with
substrates on both layers. The substrate induce Kekule´ distortion for each graphene layer. The
systems are investigated by both continuous Dirac Fermion model and tight binding model. The
two investigations give similar conclusion that isolated flat band with ultra-narrow bandwidth could
appear.
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I. INTRODUCTION
Twisted bilayer graphene (TBLG) has attracted a lot
of attention because of the systems exhibit strongly cor-
related electronic physics, such as Mott insulator and su-
perconductivity. The fact that superconductivity could
be obtained in such simple system with only carbon el-
ement and tunable structure is extinguish. The realistic
graphene could be described by tight binding model in
honeycomb lattice with Hubbard interaction. The ra-
tio between the Hubbard interaction strength U and the
nearest neighbor hopping strength t is U/t = 1.6 [1], so
that the systems is not strongly correlated. For the bi-
layer graphene with a twist with magical angle [2–13] ,
isolated flat bands [14–19] near to the intrinsic Fermi level
appear. The effective tight binding model for the flat
band [20–22] have small nearest neighbor hopping term
t′, because the electrons are localized around the AA
stacked region. Thus, large ratio of U/t′ > 5 could be ob-
tained, which drive the systems into strongly correlated
electronic systems. The superconductivity in TBLG is
confirmed in experiment [23, 24]. The topolotical non-
trivial phase of TBLG is also found in experiment [25–
28]. Some theoretical works have been devoted to explain
this strongly correlated electronic systems [29–42].
For a suspended TBLG, the atomic corrugation play
important role in the band structure [43]. In order to
enhance the mechanical stability of the TBLG and re-
duce the impact from atomic corrugation, we studied the
bilayer graphene with substrates. The particular type of
substrates with honeycomb lattice on the surface whose
lattice constant is
√
3a is considered, with a being the
lattice constant of graphene. An example of this type
of substrate is In2Te2 [44]. If the substrates are thick
enough, the atomic corrugation of the TBLG layers could
be neglected, because the strain is absorbed by the sub-
strates. Kekule´ distortion is induced in the graphene,
whose primitive unit cell is
√
3a×√3a super-cell of the
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pristine graphene. In the presence of Kekule´ distortion,
the two Dirac cones are mixed together at the Γ point
of the Brillouin zone, and a gapped in open. The low
energy states have quadratic band. The band gap could
be tuned by changing the inter-layer distance between
graphene and substrate, i.e. by pressure. The continu-
ous Dirac Fermion model of the twist bilayer graphene
with the Kekule´ distortion is developed. The numeri-
cal results given by the continuous Dirac Fermion model
and the tight binding model exhibit band structure with
qualitatively similar feature. The flat bands near to the
Fermi level could have band width smaller than 0.3 meV.
The article is organized as following: In section II, the
lattice structure of the TBLG with Kekule´ distortion is
presence. In section III(A), the continuous Dirac Fermion
model is described. In section III(B), the tight binding
model is described. In section IV, the band structures
given by the two models are investigated. In section V,
the conclusion is given.
II. THE LATTICE STRUCTURE
The scheme of constructing the superlattice of the
twisted bilayer system is the same as that for the sus-
pended twist bilayer graphene, except that the primi-
tive unit cell is three time larger. For the single layer
graphene with Kekule´ distortion, the primitive unit cell
include six carbon atoms, which are arranged in a hexag-
onal loop. The hexagonal loops are periodically arranged
in a triangular lattice. The hopping between two carbon
in the same hexagonal circle is changed by a Kekule´ ra-
tio designated as κ. The unit cell of the supperlattice
includes three AA stacking regions. Thus, for the same
twisted angle, the unit cell of the TBLG with Kekule´ dis-
tortion is three times larger than that of the suspended
bilayer graphene. The lattice structure of an example
with twisted angle being 9.43o is plotted in Fig. 1.
2FIG. 1: The lattice structure of the TBLG with Kekule´
distortion in each layer, and twisted angle being 9.43o. The
top and bottom layer are plotted as blue and red, respectively.
The bond with Kekule´ ratio is plotted as thick line.
III. NUMERICAL MODEL
A. Continuous Dirac Fermion Model
The continuous Dirac Fermion model of the TBLG
with Kekule´ distortion could be obtained by extend-
ing the continuous Dirac Fermion model for the sus-
pended TBLG [21]. The scheme in the reciprocal space
are plotted in Fig. 2. The lattice vectors of the non-
twisted AA stacking bilayer graphene are a1 = axˆ and
a2 =
a
2 xˆ +
a
√
3
2 yˆ. The corresponding reciprocal lattice
vectors are a∗1 and a
∗
2. The first Brillouin zones of the
upper and lower graphene layer are twisted anticlock-
wise andclockwise for the angle θ/2, respectively, by the
rotation operator R(±θ/2). Thus, the lattice vectors of
the l layer are a
(l)
1 = R(±θ/2)a1 and a(l)2 = R(±θ/2)a2,
with ± for l = 1, 2 standing for upper and lower layer,
respectively. The corresponding reciprocal lattice vec-
tors are then a
(l)∗
1 = R(±θ/2)a∗1 and a(l)∗2 = R(±θ/2)a∗2.
The reciprocal lattice vectors for the suspended TBLG
are GMi = a
(1)∗
i − a(2)∗i (i = 1, 2), which are plotted are
black arrows in Fig. 2, and define the lattice of the Bril-
louin zones (hexagons in thin black line) of the suspended
TBLG. In the presence of the Kekule´ distortion, the unit
cell is equal to the supercell of the
√
3×√3 superlattice
of the suspended TBLG, so that the first Brillouin zone is
shrink in area for three times. The first Brillouin zone are
plotted as hexagon in thick black line. For a wave vector
inside the first Brillouin zone, the sampling wave vectors
are obtained by adding integer numbers of GM1 and G
M
2 ,
so that the wave vectors are in proximity to the K and
K ′ points of the non-twisted suspended bilayer graphene.
The Kekule´ distortion in each layer couples the wave vec-
tors in K and K ′ valleys with the same intra-valley wave
FIG. 2: The Brillouin zones of the TBLG. The first Brillouin
zones of the upper and lower graphene layer are plotted as red
and blue hexagons, respectively. The array of hexagons are
the Brillouin zones of the suspended TBLG, with the black ar-
rows being the two unit vectors GM1 and GM2. The hexagon
with thick line in the middle of the figure is the first Brillouin
zones of the TBLG with the Kekule´ distortion. The black,
blue and green dots stand for the three sets of nonequiva-
lent wave vector in the Brillouin zones of the suspended twist
bilayer graphene. The red and green arrows represent the
inter-valley coupling due to the Kekule´ distortion.
vector, as shown by the red and green double arrows in
Fig. 2. In details, for the upper layer, the wave vec-
tor k in the K valley is coupled with the wave vector
k+K ′(1) −K(1) in the K ′ valley, which is coupled to the
wave vector k+K ′(1)−K(1)+K(2)−K ′(2) in the K valley
by the lower layer. Because 3(K ′(1)−K(1)+K(2)−K ′(2)) =
4GM1 + 2G
M
2 , after three rounds of inter-valley Kekule´
coupling, the wave vector return to the original set of
wave vectors for the suspended TBLG. As a result, the
final set of wave vectors include the three inequivalent
set of wave vector in both valleys, which form the low
energy eigenstates. For each double arrows in Fig. 2,
the coupling terms of ∆ = (1 − κ)t appear for the non-
diagonal matrix element between different sublattices as
well as different valleys [46].
B. Tight Binding Model
The band structure of the magically strained bilayer
graphene in the superlattice can be calculated by tight
binding model. The Hamiltonian is given as
H = −
∑
〈i,j〉
ti,jc
†
icj + c.c. (1)
, where c
(†)
i is the annihilation (creation) operator of the
electron at the i-th lattice cite, ti,j is the hopping pa-
rameter between the i-th and j-th lattice cites. The
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FIG. 3: The band structure of the TBLG given by the con-
tinuous Dirac Fermion model. The Kekule´ parameter is (a)
∆ = 0, (b) ∆ = 0.02 eV, (c) ∆ = 0.05 eV, (d) ∆ = 0.08 eV,
(e) ∆ = 0.1 eV, (f) ∆ = 0.26 eV. The twelve isolated bands
around the Fermi level are plotted as black (solid) lines, and
the bulk states are plotted as blue (dashed) lines.
summation index cover the pairs of lattice cites 〈i, j〉,
whose distance between each other is smaller than 5ac.
The detail expression of ti,j could be found in multiple
references [10, 12, 15, 17], which includes the intra-layer
and inter-layer hopping parameter. For the hopping be-
tween two sites in the same hexagonal loop, the hopping
strength is changed by the Kekule´ ratio. Applying the
Bloch boundary condition of the superlattice, the band
structure of the supperlattice could be calculated. We
define the figure of merit for the isolated narrow bands
as
M =
min(Ecgap, E
v
gap)
Ew
(2)
where E
c(v)
gap is the gap from the conduction(valence)
band, and Ew is the band width of the narrow bands.
IV. THE BAND STRUCTURE
The band structures of the TBLG with Kekule´ distor-
tion with magical angle 1.050o and varying Kekule´ pa-
rameter are studied. By applying the continuous Dirac
Fermion model, the band structures are plotted in Fig.
3. As ∆ increase, the flat band around the Fermi level
evolve. The band crossing points move and disappear.
When ∆ reach a large value, the bands are all very flat,
and all band crossing or band degeneration point dis-
appear. The band structures of the system with two
Kekule´ parameter are calculated by tight binding model,
and the results are compared with the continuous Dirac
Fermion model in Fig. 4. For the tight binding model,
(c) (d)
(a) (b)
FIG. 4: The band structure of the TBLG given by the contin-
uous Dirac Fermion model in (a-b), and by the tight binding
model in (c-d). The Kekule´ parameters in (a) and (c) are
∆ = 0.055 eV, and in (b) and (d) are ∆ = 0.135 eV.
(c) (d)
(a) (b)
FIG. 5: The band structure of the TBLG given by the contin-
uous Dirac Fermion model in (a-b), and by the tight binding
model in (c-d). The figures (b) and (d) are zoom in of the
figures (a) and (c) for the flat band near to the Fermi levels.
The Kekule´ parameter is ∆ = 0.28 eV.
near nearest neighbor hopping are included, so that the
particle-hole symmetric for each layer is broken, which in
turn induces extra coupling effect. Therefore, the band
crossing and band degeneration point become band avoid
crossing. In addition, the band structures given by the
tight binding model have flat bands closer to the Fermi
level.
The band structures of a system with Kekule´ param-
eter being ∆ = 0.28 eV are plotted in Fig. 5. The flat
band near to the Fermi level are zoomed in. As shown
4in Fig. 5(b) and (d), the detail structure of the flat band
given by the two computational models have similar fea-
ture. the band width is smaller than 0.5 meV, so that
the band is ultra flat. From the result of the tight bind-
ing model, the gap to the other flat band is about 10
meV, so that the figure of merit is larger than 20. Ex-
cept for the flat band at the Fermi level, the other bands
near to the Fermi level are also nearly flat band, so that
the band structure near to the Fermi level is similar to
the system with Landau levels. The phenomenon might
be induced by the equivalent pseudomagnetic field in the
twisted bilayer system [45].
V. CONCLUSION
In conclusion, TBLG with Kekule´ distortion in each
graphene layer host ultra-flat band with large gap from
the higher and lower bands. A few higher and lower band
near to the flat band at the Fermi level is also nearly flat.
The figure of merit of the flat band is larger than 20. It
would be interesting to study the model with interaction,
which could exhibit the physics of strongly correlation
and electron fractionalization [46–49].
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